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Abstract
in the present paper, we introduce and
investigate the classes of analytic
functionss,”, (. B,7,0,n,1.¢) and

0\ s(a,B.y,0.n,n,¢) in the open unit
diskU ={z £ :|z| <1} . Some properties

such as coefficient estimate, Growth
and distortion theorem, extreme
pointes for functions 7 (z)er, will be

obtained.
Keywords: Analytic  functions,
derivative operator, negative
coefficient.

* Introduction
Let 4 denote a class of all
analytic functions of the form

I- f(z)=z2 +Zw:akzk

which are analytic in the open
unit disk U={ze£:]z|<1} in the
complex plane £ .

Let 4, denote the class of

functions f (z) the form

f(Ez)=z+ i akzk, (n ¥ ={1,2,...}),

k=n+1

which called analytic functions
with the negative coefficient in the
open unit disk U.
Let 7, denote the subclass of 4, of

the form
2- f(z)=z- Z‘O: ‘ak‘zk, (n ce¥ :{1,2,...})-
Next, we defined (n-¢)-

neighborhood for the functions
belonging to the class 4, and also the

identity function.
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* Definition 1.1
Following [8] and [13], for
f €T, and £>0, we define the (n -¢)

-neighborhood of 1 (z) by

_N“J’(f):{f eT, :g(z):z - i ‘b,{ ‘z* and zr‘ k‘aA —hk‘sg}.
= k=n+1

In particular, for the identity function
e(z)=z, we have

4-

N, (e)={f eT, :g(z)=z —k;]‘bA ‘Zk and k;lk ‘b,( ‘ < g}
Given two functions
f.ged, f(z)=z+ i a,z"andg(z)=z + i b,z"»
their convolution or (Hadamard
product) f(z)*g(z) is defined by

fi)*giz)=z+ i abz" (z EU).

k=n+1
And for several
F1@)f @), (2)e4

[E@)* @), =2 + i (ayaya,)z" (z €U)-

k=n+1

We will use the Hadamard
product of 1-th order to define
generalized derivative operator.

Ramadn and Darus [11]
introduced the operator 1% ,;:4 —4

functions

defined by
5-
[;’_t/;;”5=2 +i (/UJrl)“" az", (z eU)

S[(2-6)(B-a)k -1)+1] (k-1 '

@, A 5,020,458, B>ay>0,
le¥ =¥ u{0},l,pe¥ andpu>-1.
Note  that,

symbol or (Apple's symbol) defined
by

Pochhammer

1, n=0
(w), =
pu(p+1).(u+n-1), n=12,..
Now, in order to derive our
new generalized derivative operator,

we assume that:

_(B-a)z (B-a)z
¥(z)= (1-z)y -z s

Then we obtain the function

ﬁ]71)=‘II’QZA*§(’%?7)Z 13 q :

42431429

p(1-1)-ime
6-
z+2[ a)k” (k- 1)+k”Jsz, (z €U)
where  «,8,4,620,A>68,8>a and
l,pe¥,.

Using Ramadan and Darus
derivative operator given by (1.5),
and the series given by (1.6), we
define our new generalized derivative
operator as follows:

* Definition1.1

The new operator
3o (e py.o):4—>Afor  fed, is
defined by

7- Nifa(“ﬂ% )f( )

5

where  «,8,4,620,A>68,8>a  and

Slp(asﬂ)*lég/lé

l,pe¥,.

If  edis given by (1.1), then
from (1.8), we find that
8-

NI 1 | VLo o) K N ) WU
is(@biro)f (2) kz [(r-0)(A-5)(k ~1)+1] (k -1)! az(z <)

where «,B,1,6,620,A>5,8>a,y>0,
l,pe¥,andpu>-1.
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* Remark 1

Special cases of this new
operator include:
1- Al-Aboudi derivative operator [2]
in the case
S8 (0.10.0)= 30 (0.11,0) = D
2- Rusheweyh derivative operator
[12] in the case
340 ,(0,1,0,0)= 3, (0,1,1,0) =R

,ulO

3- The generalized Al-Abbadi and
Darus derivative operator [1] in the
case 3,5, (0,4.1,0)=T,7,(0,8,7,0)= 1"
4- The generalized Darus and
Ibrahim derivative operator [6] in the
case 3 (0,1,0,0)=3.47(0,1,1,0)=D}
5- The generalized Al-Shagsi and
Darus derivative operator [4] in the
case 377 (0,1,0,0)=3.47(0,1,1,0)=D;" .
By using the same method

above, we can write the following
equality for the function f(z)

belonging to the class 7.
If f(z) given by (1.2), we

define the new derivative operator:

O-
e k-] e,
dha(@pro)f ()= =3, [(—o)(2-0)(k 1)+1] (k 1) laule®s - (z eV)

where «,B,1,6,620,A>5,8>a,y>0,

l,pe¥,andpy>-1.
A function f(z)ed4,is said to

be a starlike function of complex
order ¢ or f(z)eS (¢)if and only if
z)/z #0 and

p +l Zf() -1;>0, z € 1S
J{{l é’[f(z)] 1} 0, zeU,{e£\{0}.

A function f(z)e4,is said to

be a convex function of complex
order ¢ or f(z)eC (¢)if and only if

f'(z)#0 and

1zf"(z)}
R<l+— 0, zeU,le£ \10

The class S7(¢)  was

introduced by Naser and Aouf [9].
And the class €' (¢) was introduced

by Wiatrowsky [14] and considered
by Naser And Aouf]].

Finally, A function f (z)e4,1s
said to be a close-to-convex function
of complex order ¢ or f(z)eK ({)if

and only if g(z)/z #0 and

ER{I é’{g(z)} 1} 0, U, e£\{0},

For some starlike function g(z ). This

class was introduced by Al-Amiri and
Frenando [3].

Now, we define new classes of
analytic functions as follows
* Definition 1.2

Let fed, Then

f eSﬂ“(a,ﬂ,y,a,n,n,{) if and only if
10-

ﬂiéé[z[ Mh((z,:;;/:)) ((Z))] J_1}>77 (0517<1,§E£\{0}),

where a,$,4,7,6,6>0, B>a, 1>,y >0,
,l,pe¥0,,u>—1and

3.7 s(aB.y.o)f /z #0
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* Definition 1.3

Let fed, Then
f€0,%s(a.B.y,0,n,n,¢) if and only if
11-
W{é(ﬁi;i,g(a,ﬁ,%a)f (z ))'—1}>n (0<n<1¢ e \{0})
where «,$,4,7,6,6>0, f>a,1> 0,y >0,
and 1,pe¥ ,u>-1.
Further, define  the
18,7 (e B.y.oon,n,¢) and
10" ;(a.B.y.0.n,1,5) by
1S4 (e foy.on ) =S (e foyonnl) AT,

and
TQMa(aﬂ}’O'”UC) Q,“(Ofﬂ}’aﬂﬂg)fﬂ"

classes

5 it 1s clear that
Sé:g,o (1,1,0,0,1,1,4) CS* (é’) N
S0479(0,1,0,0,0,0,¢) = C (£) and

000, (1,1,0,0,L1,¢)=K (&) .

Note that various subclasses of
TS,% s(a.B.y.0.n,1.¢) and
TQ#M(a,ﬂ,y,U,n,n,é) have been
studied by many authors using
suitable choices of parameters, for
example 70.7,(0,1,0,L.L1-a,¢)=R (a),
was introduced and studied by
Sarangi and Uralegaddi [14].
7O (0,8,0,0,n,1,¢) =R (0,8,0,0,n,7,¢)
, was studied by Altintas et. al. [5] and
many others.

The (n-¢)-neighborhood of the
classes 718, (a.B.7,0,n,n,{) and
70, (a0, .y, 0.n,1,¢), will be studied

in the next section.

2- A set of inclusion relations

The following Lemmas, will
be required for our investigation of
the inclusion relations involving
N,.(e)-
* Lemma 2.1

Let the function f eT, be
defined by (1.2), then £ in the class

7S,% (a0, B,y,0,n,n,¢) 1f and only 1f
1-

) [(ﬂ a)k’ (k- l)+k”]7(
[(7-0)(2-6)(k -1)+1] (k -1)!

where a,8,4,7,6,6=0, B>a,A> 8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{O}.
* Proof

We suppose that
f eTS#M(a,ﬂ,y,a,n,n,C), then from

(2.1) we have

o 2[Ss (@B 7o) ()]
Sie(@:Br.0)f (2)

3 (ko1 sl <l ”

or equivalent

& (k- N[(B-a)k” (k- 1)+k] (u+1),, |

S [(r-o)a=o)k—1)+1] (k-1

. [(5 a)k’ (k- 1)+k] y+1“‘ H ‘
i [(r—0)(A-8)(k ~1)+1] (k —1)!

When we take the limit for
z -1 through real values. We get the
above required condition (2.1).

Conversely, by applying the
hypotheses (2.1) and letting |z|=1, we

find that

b
R >-n|¢|
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[Ss(aprol ()] |

~1l=

| Shslabro) )
Z (k=1)[(B-a)k’ +kq ‘(y+1)k71‘a»‘zk
S [(r-o)(4- 5)(k 1)+1] (k -1)!

(B-a)k’(k - 1)+k”]’1(/1+1)k ]‘ 2"
[(r—0)(a-6)(k ~1)+1] (k ~1)!
N e Lo et R I R Y }
7 74{1 Py [ -o) =0k ~1)+1] (& 1) o
1- i [(ﬂ—a)k ( +k ] I‘”+1)A4}MA‘2A
' [(r-o) (A= 5(A =1)+1] (k -1)!

z—z[

=nl¢|

This implies that
f eTS#M(a,ﬂ,y,a,n,n,f) )

Corollary2.2 Let the function
f er,which defined by (1.2) be in the
class7s,” ;(a.B.7,0,n,n,{). Then we

have

la,|< nld[(r-o)(2=8)(k -1)+1] (k -1
(k+nle|-D[(B-a)e (k-1 +&7] " (1), |

(k >n +l)

where
a,p,A,y,0,620, f>a,A1>0,y >0,

k,pe¥,,u>-1,0<p<land { £ \{0} .
Lemma 2.3 Let the function

f er, be defined by (1.2), then f in

the class 70,% ;(a.B.7,0,n,n,¢) 1if and

only if

2-

: k[(ﬁ—awu« 1>+kp]”< >M <
R [P ey e

5

where a,5,4,7,6,6>0, B>a,A>0,y >0,
k,pe¥,,u>-1,0<p<land { £ \{0}.

Proof: Same as Lemma 2.1.

First inclusion relation
involving , (e) 1s given by the
following

Theorem 2.4 Let f er, which
defined by (2.1), then
7S,% s(a. By, 0on,n,8) R, (e)1f
3-

. 7|¢)(n+1)nt[n(y-o)(2-8)+1]
(n+ale) (a1, [(r1)" (n (=) +1) |
where a,5,4,7,6,6>0, B>a,A>0,ry >0,
k,pe¥,,u>-1,0<p<land { £ \{0}.
Proof: For f eTS,”,(a.B.7.0.n,1.(),

Lemma 2.1 immediately yields

(n+nle]) (1), [(n 41 (n (/;_a)+1)]"'
n ![n (}/—cr)(/i—é‘)+1]1

2l <nlc]
k=n+l

b

so that
o 77|é’|n!|:n(;/—0')(/1—5)+1]l

a|£

S (el (), [(n+1) (n (B =) 1)

1-1

On the other hand, from (2.1) and the
above inequality, we have

(+1), [(n+1) (n(f-a)+1)] $ il
n\n(y-o)(A-0)+1] S
(1=nl) (), [(n 1) (n(p-a)+1)] " &
n'[n y- 0' /1 5 ] k:znﬂ‘ak‘
(e es), [0 (n(8-a) )]
nln(y-o)(a-8)+1]
nl|n[n(y-o)(2-6)+1]
(n+nlc) (1), [(n+1) (n(B-a)+1)]
77|C| (n+1)n|¢|
nenle] nanld]

Sﬂm+

Sn‘§‘+

-1

nl¢]+(1-nlc])

Thus
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$ skl el G-a)a-0) ]
k=n+l (n +ﬂ‘§‘)(ﬂ+1)71 [(n +1)p (n (ﬂ_(l)+1)}
that 1s

i ‘11, ‘S n‘(‘(n +1)n![n(7/—0‘)(ﬂ—5)+1]l . 9
S (menlgl)(u1), [ (41 (n(B-a)+1)]
where a,,4,7,6,6=0, B>a,A>8,y >0,

k,pe¥,,u>-1,0<p<land { £ \{0}.

Hence by using (1.4), we conclude
that 78,7 s (a.B.7,0.n,n,{) =R, . ().

Similarly, by applying Lemma 2.3
the following theorem is obtained
Theorem 2.5 Let f er, which

defined by (2.1), then
TQ;[A5(a7ﬂ7yaaanan>é’)cxn’g (e)lf

77|4’|n![n (7/—0)(/1—5)+1]1

4- &= =
(1), [(n+1) (n(B-)+1)]

b

where a,$,4,7,6,6>0, B>a,1>0,y >0,

k,pe¥,,u>-1,0<p<land { £ \{O} .
Proof: The prove for this

theorem is the same as in the

Theorem 2.4, so we omit it.

3- Neighborhoods for the classes

1S,% s(@.B.y,0.n,n,¢) and

TQ,% (a0, B.y,0.n,1,8)

In this section, the
neighborhoods for the classes
TS/llid(a’ﬂ57/’o-’ns77,§) al'ld

Tleb(aﬂﬂﬂyao-:nanag)a Wlll be
determinate as follows
A function s er, defined by

(2.1) 1s said to be in the class
1S'" (o B.y,0.n,n.¢,7)if there exists a

function
such that
3- ﬂ—1
’{g(Z)
Next, A function f <7, defined

by (2.1) is said to be in the class
TQ#M(a,ﬂ,y,a,n,n,é’,T) if there exists

g eTS," (a0, B.y,0.n,1,)

<l-t (0<r<lzelU).

a function geTQ,"  (a.B.7,0,n,n,{)
such that (3.1) holds true.
Theorem 3.1 Let
g ers,” s(a.B.y,0,n,n,¢) and

g(n+n|¢))(u+1), [(n -*-1)"(n(ﬁ—a)+1)]I I
(n +1){(n +1]m)(y+l)” [(n +1)/’ (fl(ﬂ*ll)‘f’l)]‘ ‘ 717‘5‘11 ![n(;/fo')(ﬁfﬁ)Jrl]‘ }

then N, (g)<7S)% (e, B.y,0.n.n,{,7),

=1

where a,$,4,7,6,6>0, f>a,1>0,y >0,
k,pe¥ u>-1,0<p<land { e£ \{0}.

Proof: Suppose that 1 X, ,(g)
. Then we find from (1.3) that

S kla, —b|<e,

k=n+1
Implies that
Z la, b |<
k=n+1

since geTS#“(Ot,ﬂ,}/,O"nJ?,f), we

(n = 1,2,...) ,

have
i ‘bk‘ﬁ n‘g"n![n(y—a (/'L—é‘)Jrl}l _ .
SR () (), [(n41) (n(B-)+1)]

Now

fe) |, 2k
‘g(z) L ibk

k=n+1
< ¢ X !
n+1 r]‘g‘n'[n (A-6 +1]

1- -1
(n+n\:\)ﬂ+1,,[< 1)”(n(ﬁ— )+1)]
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e(n+n|¢))(u+1) [( n+1)"(n(B-a )+1)]‘I
(n+l){(n+1]‘§‘) /1+1 [(71+1 J 77]‘_[‘)1![n(yfo')(}vf&)Jrl]l}

=1-7.
This means that
f ers,” (a.p,y.o.n,n,¢,7), therefore

N”sg (g)CTS,th’,i,é' (aﬂlg7yao-ana77>é/,z—) . Al’ld

hence the proof is complete.

To prove the following
theorem, we should use the same
method of Theorem 3.1.

Theorem 3.1 Let

g eTleb (Ot,ﬂ,}/,a,n,n,é') and

e(u+l), [(n +1)ﬂ(»1 (ﬁ—az)-*—l)]M
(n +1){(ﬂ+1)” [(n 1) (n(p-a)+1)] —q‘(‘n![n(;/—o’)(i—&)ﬂ]‘}

r=1-

then N, ,(g)<70,% ;(a.B.y,0.n,n,¢,7),
where a,$,4,7,6,6>0, B>a, 1>,y >0,
k,pe¥,,u>-1,0<p<land { £ \{0}.
4- Growth and distortion theorems

In this section a growth and
distortion property for function f
defined by (1.2) in the classes
TS, s (a.B.y,0.n,1,¢,7) and
7S,"% s(a.B.y,0.n,n,¢,7), will be given
as the following

Theorem 4.1 Let the function
f which defined by (1.2) be in the
class7s,” ;(a.,B.7,0.n,n,¢). Then for

|| <1we have

nllnt[n(y-o)(2-0)+1] |

(n+nlel) 1), [(n41) ((B=a)n+1)]
I 113 L G (G RS Y R
(n+nl¢])(u+1), [(n+1) (B=a)n-+1)]
where a,$,4,7,6,6>0, B>a, 1>,y >0,
k,pe¥,,u>-1,0<p<land { £ \{0}.

- <) (o)<

b

Proof: Let
fers,? (a.p.y.o.nn,¢), then from

(2.1) we have
(n+77|§|)(y+1)n[(n+l)ﬂ((ﬂ—a)n+l)JH .

n![n(}/—a)(;t—5)+l]l /(:Zn;llaklg
: [(p—a)k (k - 1)+k*]“<y+1)k. j
E.(“M_l){ [(7-0)(2-5)(k -1)+1] (k } 7]
Hence
‘f \—Z—Zak S|Z|+Z|ak|‘2k

k=n+1 k=n+1

or
‘f <|z|+ Zl|ak” ‘
)<k nl¢|n [n(r=0)(2=6)+1] v

(n+nl¢])(u+1), [(n +1Y((B-a)n +1)}H
Similarly

w
‘f ‘—Z—Zak 2|Z|—Z|ak|‘zk

k=l K=ntl
or
[z )\lel—kg a[*].
This implies that
V()2 nlgn[n (y-o)(A-8)+1] -

(n+nlg))(u+1) [(wl)“((ﬁw)nﬂ)}H
Thus completes the proof.

Theorem 4.2 Let the function
f which defined by (1.2) be in the
classrQ,’ ;(a.B.7,0,n,n,¢). Then for

|| <1we have

ol nl¢lnt[n(y-o)(2-8)+1] <l (2)<
(n+1)(u+1), [ (1) ((B-a)n +1)}"'
i [rr=0)a) ],

(n +1)(,u+l)n [(n +1)p ((ﬂ—a)n +1)Ti1
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where a,5,4,7,6,6>0, B>a,A>0,ry >0,
k,pe¥,,u>-1,0<p<land { £ \{0} .
Theorem 4.3 Let the function
f which defined by (1.2) be in the
class7s,?” ;(a.B.7,0.n,n,¢). Then for

|| <1we have

‘ ‘ ‘ 77‘4‘ ‘ n+|‘,
n+n‘{‘

=< |30 (a By )

where a,8,4,7,6,6=0, B>a,A>8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{O} .

Proof: Let
f €TS8t (e, p,y,0.n,n,5), then from
(1.8) we have

. = |[(B-a)k? (k1) +k2] " (u+1), L
(» Ug);”{ [(y-0)(A=8)(k ~1)+1] (k -1)! } !

Ail(kwg_l){[ﬂ a)k? (k - 1)+kf’] (;,+1“} <l

(
[(r-0)(A=6)(k -1)+1] (k -1)!

Hence

[ *(k —1)+k* ] (u+1), §
|51 (. B.7,0)f ()] =2 ;.[7 g)(l 8)(k ~1)+1] (k -1)! a,
and

(k- 1)+/c] (u+1),

- )(4 8)(k ~1)+1] (k -1)!

Sate sy cfel- 3 L lk)”

We have

‘325,5(a,ﬂ,7,0)f (z )‘2|z|—% nil
Similarly, we find that

~l.p é/ n+l
“S;t,,l,ﬁ (Ol,ﬂ,]/,O')f (Z )‘ §|Z | +%

Theorem 4.4 Let the function
f which defined by (1.2) be in the

class70.” ;(a,B,7,0.n,n,¢). Then for
|z|<1we have

77‘;‘ ‘ ‘ R 77‘4" ‘z ”H‘, n=12,..

o 3.5 (aBy.o)f Z)\S\ZHﬁ
where a,8,4,7,6,6=0, B>a,A> 8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{O}.

Theorem 4.5 Let the
hypothesis of the theorem 4.1 be
satisfied, then

n¢|(n +)n[n(r-o)(2-8)+1] e )s
(n+mlgl)(u+1), [ (n+1) (B-)n +1)]
n|¢|(n+1)n[n(y-o)(2-8)+1] o

o, [ (5o 0]

1-

1+

5

where a,8,4,7,6,6=0, B>a,A> 8,y >0,

k,pe¥,,u>-1,0<p<land { £ \{0} .
Theorem 4.6 Let the

hypothesis of theorem 4.2 be

satisfied, then
L B P
(u+1), [(n 1Y ((B-a)n +1)}
nl¢ln [n(r-0)(2-6)+1]

(u+1), [ (n 1) ((B-a)n+1)]

IN

z)|

1+

2’|

5

where a,8,4,7,6,6=0, B>a,A>8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{O}.
5- Extreme points

The extreme points of the
TSL:’j’g(a,ﬂ,y,a,n,n,é’) and
70" s(a. B,y,0.n,1,8) will be

obtained as follows
Theorem 5.1 (1) Let f,(z)=

classes

and
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Helr-o)a-a)k -+ T k- J

S A - ek ey, Y

where a,8,4,7,6,6=0, B>a,A> 8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{O}.
Then 1 78,7 (. p,7,0.n,7,¢) 1f and

only if it can be expressed in the form

f(z)=X A (2), where
k=n
A, 20 and iA,{ =1
k=n
(i1) Let /,(z)=z and
fi(e)=s TR =) DTG

K[(B-a)k?(k—1)+k7] " (u+1),

5

where a,8,4,7,6,6=0, B>a,A> 8,y >0,
k,pe¥,,u>-1,0<p<land { £ \{0} .
Then f €70, ;(a.B,7.0.,n,n,¢) if and

only if it can be expressed in the form

f(Z)ngkfk(Z)a

where

A, >0 and D A, =1.

k=n

Proof: suppose that
f(z):zAkfk (Z):Anfn(z)+ Z AS (Z)
k=n k=n+1
-AHjA{Z =) a-8)(k-)+1] (k-
Bt (k+n|¢|-D[(B-a)k? (k=1)+ k7] " (u+1), ,
R - all[(r-a)(A-o)(k D +1] (k-1
& A;\A‘ A;\Ak (k +nlg)-D)[(B-a)k? (k -1)+k"] " (u+1),
7¢I - o) (A-8)(k ~1)+1] (k ~1)! iy
(k +nlcl-0[(B-a)e” (k ~1)+k? ] (u+1),
3 [ (AR N
SR (ke -O)[(B-a)k (k1) k7] (ur),

:(ZAA Jz -3 A,
k=n k=n+1

Then

_ i Ak{ nlg|[(y-o)(2-8)(k =1)+1] (k -1)!
S (ke ) [(B-a)k (k1) k2] (),

X

1-1

(k +n\§\—1)[(ﬁ—a)kp(k —1)+kﬂ] (u+1),,
7l - o) (2=8)(k ~1)+1] (k -1)

Thus f 7S\, (a.B.7.0,n.7.8)
by the condition (2.1). conversely,
suppose that /' eTS % ;(a,B.7,0,n,1,{)

. By using corollary 2.2 we may set

o (k+nlg)-D)[(B-a)k? (k ~1)+k"] ™ (u+1), a (k=n+1)

nl\[(r =) (2=8)(k ~1)+1] (k -1):

and A, =1- i A, . Then we obtain

k=n+1

F(2)=3A0 ().

The proof of the part (i1) of
Theorem 5.1 is similar to the part (1).
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